We consider a hypothetical possibility of the variability of light velocity with time and position in space which is derived from two natural postulates. For the consistent consideration of such variability we generalize translational transformations of the Theory of Relativity. The formulae of transformations between two rest observers within one inertial system are obtained. It is shown that equality of velocities of two particles is as relative a statement as simultaneity of two events is. We obtain the expression for the redshift of radiation of a rest source which formally reproduces the Hubble Law. Possible experimental implications of the theory are discussed.
I. INTRODUCTION
Investigations of the possibility of variability of fundamental constants with time have a long history and there are various approaches to the problem. After it had become clear that such a fundamental constant as the curvature radius of our Universe varies with time, a doubt arose about the constancy of other physical constants.
For the first time, an interesting related consideration has been made by Dirac in his "Large Numbers" hypothesis. [1] . The dimensionless ratio of electric to gravitation energy of proton-electron interaction is of the same order as the ratio of the visible "radius" of Universe to the classical radius of electron, and is equal to approximately 10 40 . According to Dirac's principle -any two large physical numbers should be connected by a simple mathematical relation in which the coefficients are of order of one. Therefore, we may conclude that, if the Universe radius varies with time, some of physical constants (the gravitation constant G, the electron charge e 2 , the speed of light c, the Plank constanth) must vary as well.
Dirac studied the possible variation of the gravitation constant with time as G ∼ 1/t. In 1973 he found the way to reconcile the "Large Numbers" hypothesis with the Einstein theory on the basis of Weyl geometry. Dirac's work provoked a number of investigations. The bestknown are those by Teller [2] , Jordan [3] and Brans, Dicke [4] . The decrease of the gravitation constant results in the change of planetary orbit radiuses and luminosity of stars. This fact sets rather strong limits on possible speed of gravitation constant variation with time, which is not more than 10 −12 year −1 at present. The next one was Gamov's hypothesis [5] , according to which the electric charge varies with time: e 2 ∼ t. In that case planetary orbits have fixed radiuses; but there appear some limits on the life-time of radioactive elements wich contradict experimental data.
An excellent review of the research devoted to the variability of physical constants with time can be found in Ref. [6] .
Recently a number of papers have been published [7] - [13] in which the possibility of variability of light speed with time has been investigated. It has been shown that Varying Speed of Light models might resolve some cosmological problems, such as: the flatness problem, the quasi-flatness problem [10] , the horizon problem etc.
It is obvious that introduction of variability of light speed with time is not possible without considerable modification of the Theory of Relativity. Not so long ago Manida [14] and independently the author of the present paper [15] obtained a generalization of the Lorentz transformation, so-called Projective Lorentz Transformation (or, according to terminology of Ref. [14] , Fock-Lorentz Transformation). In this theory the variability of light speed with time and distance arises naturally from the analysis of transformations between two observers within different inertial reference systems. In the Projective Theory of Relativity, besides the fundamental speed c there exists a new constant λ that determines the magnitude of corrections to the Theory of Relativity. If λ = 0, we return to the Lorentz transformations and the Theory of Relativity.
In this paper we consider in detail a hypothetical possibility of the variability of light speed with time, and show that to describe it consistently it is necessary to modify not only the Lorentz transformation but also the translational transformations between two rest observers. This eliminates some contradictions and makes the physical picture clearer.
In Sec. II by means of introducing two simple postulates we obtain the form of a functional dependence of light speed on time and distance. Agreement between the variability of light speed and the relativistic principles requires modification of the Theory of Relativity, which is considered in Sec. III for the case of rest observers within one inertial reference system. It is shown in Sec. IV that the variability of light speed with time and distance results in Hubble's redshift for rest sources. The formulae for aberration are obtained which can also be interpreted in terms of Hubble Law. Possible experimental implications of the theory are studied in Sec. V.
II. A TIME-SPACE VARYING SPEED OF LIGHT
First of all let us consider in general the possibility of the variability of light speed with time. Our purpose is to obtain most simple and natural mode of variability of speed with time. In particular, it is preferable that photons still move without acceleration.
We require that the following postulates hold:
If a physical constant varies with time it must vary with distance as well: C(t) → C(t, r)
2. The Speed of Light varies with time, but the speed of a particular photon is constant along its trajectory.
The first postulate seems obvious from the relativistic point of view. The second one in some respect introduces the variability of light speed with time minimally. This means that though in some point of space r 0 the light speed varies with time C(t, r 0 ), if we observe the movement of the particular photon, we will find it travelling uniformly along the trajectory r = r 0 + C(t 0 , r 0 )(t − t 0 ), at a constant speed C 0 = C(t 0 , r 0 ) = C(t, r), where r 0 , t 0 are some fixed point and moment of time. In other words, the function of light speed C(t, r) must satisfy the following functional equation:
for any t, t 0 , r 0 . Most general solution of the equation (1) has the following form:
where F ( z) is an arbitrary function. Indeed, let us consider the trajectory of the moving photon . Since C 0 = C(t 0 , r 0 ), r 0 is a function of C 0 and t 0 . Thus the trajectory of the photon
or since C 0 = C(t, r) we have
The fixed moment of time t 0 can be chosen arbitrarily and does not depend on the current position r and time t, thus the function F 1 does not depend on t 0 and we come to Eq. (2). The same solution can be obtained by differentiating Eq. (1) on time t and setting t 0 = t. The general solution of the differential equation will be given by (2) . Arbitrariness of the function F ( z) in (2) requires introduction of additional postulates. It is however easy to see that resolving Eq.(2) in elementary functions is only possible if F is a linear one : F ( z) = c+λc 2 z, where c and λc 2 are constants. Therefore, the simplest non-trivial dependence of light speed on time and distance satisfying the above formulated axioms has the following form:
The constant λ is a new fundamental constant which determines the magnitude of effects caused by dependence of light speed on time and distance. In particular, if λ = 0, the light speed is constant and is equal to the constant c (vector c = c n, where n is a unit vector directed along the photon trajectory). The initial moment of time t = 0 corresponds to the present moment when the fixation of units of measurement takes place. The unit of time is chosen so that the light velosity is equal to C(0, 0) = c = 299792458 m s −1 at that moment (t = 0). If the parameter λ is small, the effects connected with the light speed variability with time and distance will manifest themselves in long times t and at big distances r from an observer. That is, only at cosmological scale.
As it was mentioned in Sec.I, consistent introduction of light speed variability with time and distance requires a considerable generalization of the Theory of Relativity. In Refs. [14] , [15] it was shown how such generalization can be applied to the Lorentz transformation.
It is easy to see that functional dependence (5) requires a generalization of transformation between two rest observers within one inertial reference system. Indeed, let us consider the rest observer at the origin x = 0 which at the moment t = 0 emits a light signal in the direction of the second rest observer at the point x = R. The speed of this signal equals C(0, 0) = c, and propagating according to the second postulate at constant speed c = C(t, ct), it reaches the second observer at the moment of time t = R/c. However, the second observer cannot reflect this signal with the same speed because in that case it would return to x = 0 with the speed "c" greater than the speed of light for that moment:
It is especially strange from the point of view of the observer at x = 0 because within his environs the light speed
is isotropic, and he can receive and emit signals with the same speed in any direction ( for the given moment of time). Such a seeming non-equality of two rest observers shows that it is necessary to consider in detail the relation not only between the measurements performed by observers in different inertial frames of reference but also between observers within the same inertial frame. These transformations along with the Projective Lorentz Transformations [14] , [15] provide the necessary generalization of the Theory of Relativity.
III. GENERALIZATION OF TRANSLATIONAL TRANSFORMATIONS.
Let us consider two rest observers within one inertial system who are situated at the points x = 0 and x = R. We denote coordinates and times of events as measured by the first and second observers respectively by x, y, z, t and X, Y, Z, T . The question is as follows: "What is the most natural way to generalize translational transforma-
(Below we will only consider two dimensions (x, y), because all the formulae for y and z components are equivalent.)
To solve the stated problem we use the Principle of Parametrical Incompleteness [15] which consists in the following. The set of axioms of classical mechanics is complete and any statement formulated within the theory framework can be either proved or denied on the basis of these axioms. Reducing the number of axioms would result in appearance of undeterminable parameters and functions, i. e. incompleteness of the theory. However, there possibly are such informational simplifications that only a finite set of constants remain undeterminable. These constants then will play the role of the fundamental physical constants and incompleteness will be parametrical.
In this way one could build the relativistic theory with the constant c and quantum mechanics with the Planck constanth. This is, so to say, the principle of correspondence inversely. We do not obtain classical mechanics from relativistic mechanics in the limit c = ∞, but from classical mechanics, by reducing the number of axioms, we obtain relativistic mechanics and other possible generalizations of classical mechanics. With each of these theories some fundamental physical constant will be connected.
Let us formulate five axioms concerning two observers in the same reference frame.
Axioms

The transformations of coordinates and time are continuous, differentiable and single valued-functions.
2. If from the point of view of one observer a free particle moves uniformly, it will move uniformly from the point of view of another observer.
3. The observers negotiate a units of length so that their relative distance is equal to R.
All the observers are equal and transformations
compose a group.
Space is isotropic.
The first axiom is standard for the majority of physical constructions. The second one is a definition of inertial reference systems and time. We define the time so that the movement of a free particle is as simple as possible. The third one is a definition of units of length: two rest observers by mutual agreement assume that the distance between them is equal to R. These axioms are very strong and completely fix the functional form of transformations. We can show (see Appendix), that most general transformations satisfying the first three axioms are:
are some unknown functions. Linear fractional transformations (9) are well-known as the most general geometrical transformations imaging a straight line into a straight line. This is the main point of the second axiom.
The requirement of fulfillment of group properties (axiom 4) means that there are at least three equal observers for whom:
where σ i = σ(R i ). These equations are satisfied only if
and
Since relative distances R 1 and R 2 are arbitrary, α is a fundamental constant which is the same for all the observers. The reverse transformation corresponds to substitution R → −R, and since
we have γ(R)γ(−R) = 1 − αR 2 . Isotropy of space (axiom 5) implies that transformations are invariant under inversion of spatial axes x → −x, y → −y, R → −R etc. This leads to the fact that the function γ(R) is even, and for the space transformations we obtain
.
It is easy to see that these formulae formally coincide with the velocity transformations in the relativistic theory. It means that observers are placed in homogeneous and isotropic space of constant curvature. The coordinates they use to measure physical distance are Cartesian coordinates on Beltrami's map. Beltrami's space touches the space at the point where the observer is situated, and it possesses the property that any geodesical is projected on it as a straight line. In the simplest case of two-dimensional sphere, Beltrami's map is a plane tangent to the sphere. The projection on the plane is made from the centre of the sphere. Physical and geometrical distances to some point are connected by the equation S phys = tan(S geom ), and for Lobachevsky space of negative curvature by S phys = tanh(S geom ). Analogous relations between geometrical and physical values also exist in the velocity space of the Theory of Relativity. Now let us consider the transformation of time. Suppose that all events lying in some plane normal to the x axis occur simultaneously from the point of view of one observer. Then they will be simultaneous from the point of view of another observer as well.
It means that T = T (x, t) and d(R) = 0. The requirement of isotropy (axiom 5) leads to the fact that the functions c(R), b(R)
are even, and a(R) is an odd one. Analogously to the coordinate case we find the inverse transformation and require it to coincide with the initial one after the replacement R → −R. This gives the following equations:
The composition of transformations
So, we obtain:
We should note that the synchronization procedure is derived automatically: the event that happens between observers at equal distances from these observers, x = −X = (1 − √ 1 − αR 2 )/αR, is simultaneous for them:
Using transformations (14) and (17) it is easy to obtain transformations for the speed of particle as measured by each of the observers
If the particle moves uniformly r = r 0 + ut, transformations of speed do not vary with time but vary with the "initial" position of the particle r 0 .
Here we should notice that, if α = (λc) 2 , formula (5) for the light speed C(t, r) possesses the following properties: C(t, r) is transformed as a speed (18),(19) , the same function expressed in coordinates of each observer stands on the right and on the left of the transformations (18),(19). In case of light moving along the x axis we have:
C(t, r) is invariant for both observers. It means that, if
The movement in an arbitrary direction is considered in the next section.
C(t, r)
is the maximal possible speed of particles for the given point of space r and given moment of time t.
On the basis of these two properties we call C(t, r) the speed of light.
Therefore, for the consistent introduction of the varying with time and distance light velocity (5) into the theory, it is necessary to generalize the translational transformations for rest observers:
+ λc
If two observers move at a relative speed v, the generalized Lorentz transformations have the following form [14] , [15] :
where γ = 1/ 1 − v 2 /c 2 is the Lorentz factor. The formulae (21)- (25) form the basis of kinematics of the Projective Theory of Relativity, within which the speed of light varies with time but at the same time is an invariant of the theory.
The contradiction considered in the Sec. II is easy to resolve now. From the point of view of the first observer the signal reaches the second observer x = R at the moment of time t = R/c with the speed u = c. From the point of view of the second observer the speed of the signal (18) and the moment of time (22) are equal to:
The observer reflects the signal with the same speed U → −U . However, due to the transformations of speed its speed relative to the first observer (18) equals:
In a time t = R/c + R/|u| the signal returns to the first observer to the point x = 0 and has the same speed as any other light signal at that moment of time:
Therefore, if two particles have the same speed from the point of view of one observer, they will have different speeds for another observer. Equality of speeds is as relative a notion as simultaneity of events is. This happens because the Projective Transformations do not conserve parallelism of straight lines.
If we add to initial system of axioms the requirements of absolutivity of equality of two speeds and absolutivity of time, we obtain the complete axiom system in which incompleteness connected with undefineable constants λ = 0, α = 0 disappears. If we exclude these axioms, we obtain the more general parametrically incomplete theory with new fundamental physical constants. This is the Principle of Parametrical Incompleteness.
IV. THE HUBBLE LAW. EXPANSION OF THE STATIC UNIVERSE.
An interesting consequence of the results of previous sections arises when the Doppler effect is analyzed within one inertial system.
1. Let us consider a remote rest source with coordinates R emitting light in the direction of observer which is situated at the origin x = 0. The light pulse emitted at the moment of time t 1 according to observer's clock reaches it at the moment t 2 . Since the speed of this signal is constant C(R, t 1 ) = C(0, t 2 ) and it moves in the direction towards the observer c = −c R/R, we have the following relation between R, t 1 , t 2 :
Let us assume that light pulses are emitted with a certain period τ 0 = ∆T 1 , and are received with a period τ = ∆t 2 . Since the source's time T and the observer's time t are related by Eq. (22), we have ∆T equals ∆t/ 1 − (λcR) 2 for x = R. Thus the period of emission is τ 0 = ∆t 1 / 1 − (λcR) 2 , and introducing the parameter of redshift z we finally obtain:
Interpreting the redshift according to Doppler's formula we obtain the Hubble law: V = λc 2 R, but such interpretation would not be correct in this case.
2. We can obtain the same result by the following speculations. Suppose, the observer at x = 0 makes a radiolocating experiment on measuring the distance to the rest object in x = R. At the moment of time t 1 this observer emits a light signal at a speed of C(0, t 1 ) receiving it at time t 2 at a speed of C (0, t 2 ) . If the observer (despite different speed of the emitted and reflected signals) assumed the distance to the object to be equal to l = (t 2 − t 1 )c/2, he would, probably, conclude that the object moves away from him at Hubble's speed:
where t = (t 2 + t 1 )/2. Such an interpretation would not, of course, be correct. If the observer emitted signals at speed u < C(0, t 2 ), he could (with apropriate conditions of reflection) receive them at the same speed, and the distance l = (t 2 − t 1 )u/2 would be unchanging and equal to R. 3. Let us obtain one more useful equation which also can be interpreted in terms of the Hubble speed. The expression similar to that for aberration in the Theory of Relativity arises for the rest light source and receiver. Suppose, the light travels in some direction (cos ω, sin ω) relative to the observer at x = 0, and in direction (cos Ω, sin Ω) relative to the observer at x = R. Then the components of light velocity will be equal to
If we put (32) and similar equations for the second observer in (18) , (19), where α = (λc) 2 , we would obtain the identity for any x, y, t, only if:
cos Ω = cosω + λcR 1 + λcR cos ω .
These formulae formally coincide with those for aberration in the Theory of Relativity if we put λcR = V/c. So, we again come to the Hubble formula.
If we admit the possibility of variability of light speed with time, we will necessarily come to the following cosmological model. The Universe is a stationary space of constant curvature (Lobachevsky space). This curvature is not connected with the presence of matter and is an intrinsic property of empty space. The course of time in the Universe is defined so that it would look as simple as possible. This leads to the flat pseudo-Euclidian space-time.
Evolution of the Universe is connected with decreasing of speed of light with time and 12(?) billion years ago the speed of light was equal to infinity. We now take this moment as the origin of time, i.e. make the shift t → t − 1/λc 2 [14] in all the formulae . Because of the infinite speed of interactions, the early Universe was homogeneous and hot. However, there was no singularity of matter. All the clocks in the Universe were synchronized (C = ∞) and pointed at the zero time mark:
With the course of time the speed of light was decreasing, the Universe was cooling, and the clocks located at the distance r = R from us started to advance compared to our clock:
Nevertheless, we observe the Universe in its past state
because the speed of light is finite C(t, 0) = (λct) −1 (here z is the parameter of redshift).
The frequency of the light we receive from remote rest sources is shifted to the red. The farther the source is situated from us the more the frequency of the light is shifted to the red, in agreement with the Hubble Law.
The distance R m = 1/λc is the maximal possible distance an observer can measure, and at the same time is the radius of curvature of the Lobachevsky space.
* At any moment of time according to our clocks t we see areas situated at the distance R m from us at the moment of time T = 0 according to the local clock. The infinite parameter of red shift z corresponds to these areas.
Although the Hubble Law is realized automatically in this cosmological model, it is obvious that including matter and gravitation into consideration can change the properties of our Space in some way, for instance, to make it expand. In this case the Hubble effect will consist of two components -the usual Doppler redshift and the shift * We point out that we are talking here about physical distances but not about geometrical distances which are unlimited in the Lobachevsky space. The situation is completely identical to the velocity space of the theory of relativity, for which there is the maximum possible speed c but there is no finite limit on geometrical distance s = artanh (u/c).
connected with the new fundamental constant λ. As a result, the actual age of our Universe could be much greater than the value derived from the Hubble Law.
V. CONCLUSION: VARYING SPEED OF LIGHT AND EXPERIMENT
Let us discuss applicability of the proposed theory to the real World. Since Hubble's effect is naturally described within the Projective Theory of Relativity, it would be interesting to associate Hubble's constant H = 65 km/sec/M ps = 6.7 10 −11 year −1 with the constant λc 2 . In this case the change of light velocity with time would be as follows (r = 0, t = 0 ):
Obviously, the dimensional value C(t, 0) should be measured in some units of length and time. They can be atomic unitsh 2 /me 2 andh 3 /me 4 . In particular, the dimensionless combination α(t) = e 2 /hC(t) should change. The laboratory value of α is known at present (1997) with accuracy of 4 10 −9 : α −1 = 137.03599993(52), which is close enough to change (38).
Here let us make clear one point about testing the dependence of light velocity on time. There are two entities: C(t, r) and c, in our theory. The first one is the light velocity and the maximal possible speed of material objects, the second one is the fundamental speed arising from the parametrical incompleteness of axioms of the theory. Only after generalization of Quantum Electrodynamics for the case of the Projective Theory of Relativity would it be possible to say which of the constants would enter α. In particular, the fine-structure constant may depend on c: α = e 2 /hc, and do not change with time. Recently, a new direct limit on |α/α| < 10 −14 year −1 , has been obtained, based on spectra of distant (z = 1 ÷ 3.5) quasars [16] , [17] . We observe an object which is situated at a distance R from us in its past state at the moment t = −R/c according to our clock. That time corresponds to the local time of an object T = −z/(1 + z)λc 2 and, therefore, the light velocity measured by the observer, which is situated near the object, equals C(0, T ) = c(1 + z). From his point of view, the dimensionless combination α(T ) = e 2 /hC(0, T ), is 1 + z times less than our measurement shows at the present moment of time t = 0. According to the rule of transformation for speeds measured by distant observers, the light emitted by the object at a speed of c(1 + z) equals c from our point of view and, therefore, α = e 2 /hc. That is why the measurement of α based on the spectra of quasars does not allow us to test the change of light velocity in time.
It is likely that only direct laboratory measurement of light velocity in terms of the atomic units of length and time would provide a direct test for (38).
